A detailed analysis is presented of the precise values of the Tsallis parameters obtained in p − p collisions for identified particles, pions, kaons and protons at the LHC at three beam energies √ s = 0.9, 2.76 and 7 TeV. Interpolated data at √ s = 5.02 TeV have also been included. It is shown that the Tsallis formula provides reasonably good fits to the p T distributions in p − p collisions at the LHC using three parameters dN/dy, T and q. However, the parameters T and q depend on the particle species and are different for pions, kaons and protons. As a consequence there is no m T scaling and also no universality of the parameters for different particle species.
Introduction
It is well accepted that the transverse momentum distributions in high energy p − p collisions are described by a power law distribution at the Relativistic Heavy Ion Collider (RHIC) [1, 2, 3] as well as at the Large Hadron Collider (LHC) [4, 5, 6, 7, 8] .
In this paper we investigate in detail one particular form of power law distribution which has been used extensively in the literature [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27] given by [28] f (E) ≡ 1 + (q − 1) E T −1/(q−1)
,
where q and T are two parameters to be determined. It is referred to as the Tsallis distribution [28] and forms the basis for non-extensive statistical thermodynamics. It has been shown [29, 30] that the corresponding pressure, the particle number and energy densities obey the usual thermodynamic consistency relations and the parameter T is indeed related to the entropy via
albeit that the entropy S is the Tsallis entropy and not the standard Boltzmann-Gibbs one. Therefore we refer to the parameter T as temperature. The physical interpretation of the parameter q and the connection between the Tsallis temperature and the Boltzmann-Gibbs one were elucidated in [31] . A few years ago it was suggested that the parameters appearing in the Tsallis distribution are the same for a wide range of identified hadrons [29, 30] at √ s = 900 GeV in p − p collisions. Subsequently several analyses have appeared which do not support this conclusion. Due to the size of the errors and the uncertainties on some of the parameters it was not completely possible to eliminate this option at √ s = 900 GeV but further analyses at higher energies are not in support of the original ansatz and led to the proposal of having sequential freeze-outs depending on the particle type [32, 33, 34, 35] .
In this paper we focus on the data of the ALICE collaboration [43, 44, 45] and determine the parameters appearing in the Tsallis distribution as precisely as possible at beam energies of √ s = 0.9, 2.76 and 7 TeV. We have also included the interpolated spectra provided by the ALICE collaboration at √ s = 5.02 TeV [36] .
The fits were performed over the full range of the available p T range. In order to test the quality of the extrapolation to very high values of p T we included at the end a fit to the spectrum of charged particles as measured by the CMS collaboration [37] which extends to values of p T up to 200 GeV.
The conclusion we reach is that for the π's, K's and protons the parameters are different and no universality in the parameters exists. Thus, even though the Tsallis distribution provides a reasonable description of the transverse momenta distributions, it has to be concluded that the parameters are clearly different.
In this paper we do not add radial flow to the Tsallis distribution. A considerable effort was spent on making fits with radial flow using a blast-wave formalism as was done by the authors in references [26, 38] but in the end we concluded that radial flow, even though it adds at least one parameter to the fitting procedure, does not improve the quality of the fits in p − p collisions. We note that reference [10] uses a similar procedure but with a considerable number of parameters (at least 8). Also the radial flow is made to depend on the hadron considered, it is different for pions, kaons and protons. In the end we decided to go for the simplest form as far as possible and use the smallest number of parameters. Also, our results show that the temperature T is comparable for kaons and for protons at higher beam energies which does not have a natural explanation in the radial flow scenario.
One open question, concerning the effect of feed-down decays from resonances, remains. This has been considered in great detail in e + e − annihilation in [39] . The calculations are however much more involved and at the moment it does not look feasible to repeat such an analysis in the energy range of the LHC.
Tsallis Distribution
The following form is used for the transverse momentum distribution of hadrons produced at LHC energies [29, 30] 1
where p T and m T are the transverse momentum and transverse mass respectively, y being the rapidity, g is the degeneracy factor, i.e. g = 1 for π + , π − , K + , K − since these are pseudoscalar particles while g = 2 for protons and antiprotons because of their spin 1/2 nature. V is the volume of the system. Since particles and antiparticles are produced equally abundantly at LHC energies there is no need for the introduction of chemical potentials. At lower energies it would, of course, be necessary to take a chemical potential into account. The resulting values of q and T are for a system at kinetic freeze-out. The fact that the right-hand side of Eq. (3) only depends on m T is known as m T scaling.
Eq. 3 is a generalisation of the standard Boltzmann-Gibbs distribution, in the limit where q− > 1 one recovers
hence, many concepts familiar from statistical mechanics can be carried over to the distribution presented in Eq. 3.
As noted in [40] , Eq. (3) can be integrated over the transverse momentum, leading to
where m 0 is the mass of the considered particle.
From Eq. (5), we can express the volume in terms of dN/dy and the parameters q and T as
Thus, replacing the volume in Eq. (3) by the more accessible dN/dy it can be rewritten as
It has to be noted that, in order to have a positive number of particles, q must be less than the value 3/2. A similar consideration for a positive energy density leads to an even stronger constraint, namely q <4/3 [41, 42] .
It is also worth mentioning that the parameterization given in Eq. (7) is close to the one used for fitting the data taken at RHIC and LHC experiments [1, 2, 3, 4, 5, 6, 7, 43] , which is given by
where n, C and m 0 are fit parameters. There is no justification in calling the parameter C a temperature. Notice that Eq. (8) shows the same dependence on the transverse momentum as Eq. (3) except for an additional factor m T which is present in Eq. (7) but not in Eq. (8) . Omission of this additional factor of m T leads to values of T which are clearly larger, about double the values presented in this paper.
Analysis of the transverse momentum spectra
The Tsallis parameters were determined by fitting the experimental results published by the ALICE collaboration for p−p collisions at three different beam energies [43, 44, 45] to Eq. (7). For completeness we also considered the data extrapolated by the ALICE collaboration at √ s = 5.02 TeV [36] . The results are shown in Figures 1 and 2 and will be discussed sequentially in the following subsections.
Fits to transverse momentum spectra at the beam energy of 900 GeV
Of all the beam energies considered in this analysis, the one at 900 GeV has the smallest range in p T , namely about an order of magnitude less than the ones at 2.76 and 7 TeV. Figure 1 shows the results for particles π + , K + and p. The results for π − and K − are compatible with those for π + and K + and are not shown.
The comparison between protons and antiprotons is shown separately in Fig. 3 and deserves some further discussion. As can be seen, the difference comes mainly from the (low) p T < 0.6 GeV region, while the two distributions nicely overlap for higher values of p T . It is to be noted that the integrated quantities, i.e. the values of dN/dy as well as < p T >, are in good agreement. The resulting parameters have large errors but are compatible within one standard deviation: T for protons is 17 ± 28 MeV with q being 1.160± 0.025; for antiprotons the value of T is 52 ± 30 while q is 1.132 ± 0.025. A combined fit of protons and antiprotons yields values with smaller errors, namely for T = 47 ± 10 MeV and q = 1.136 ± 0.007. The central values of T thus differ by a factor of more than two between protons and antiprotons.
A summary of the resulting values for the beam energy of √ s = 900 GeV is shown in Table 1 . Especially, the values for T deviate clearly from those obtained for π ± and K ± even for the combined fit of protons and antiprotons. An earlier analysis gave consistent values, however, with large error bars [29] , these are not confirmed by the present analysis.
This difference in the Tsallis parameters comes as a surprise since the integrated proton and antiproton yields are equal within the uncertainties. Our interpretation is that within the measured range of transverse momenta, it is not possible to determine precisely the values of the Tsallis parameters. To emphasize this we show in Figure 4 the contour of 1-σ uncertainties in the T − q plane.
The proposed universality of the Tsallis parameters at √ s = 900 GeV can therefore not be established. There is no ambiguity in determining the parameters for the pion distributions. Differences are apparent Figure 1: Fits to the transverse momentum distributions, using the Tsallis distribution given by Eq. (7), of π + (blue), K + (red) and protons (black) at 900 GeV [4] in the left pane. In the right pane fits corresponding to π + + π − (blue), K + + K − (red), protons and antiprotons (black) as measured by the ALICE collaboration at 2.76 TeV [44] are shown. Figure 2: Fits to the transverse momentum distributions, using the Tsallis formula given in Eq. (7), of π + + π − (blue), K + + K − (red), protons and antiprotons (black) as given by the ALICE collaboration at 5.02 TeV [36] , by interpolating between the measured 7 TeV [45] (shown in the right pane) data and the measured 2.76 TeV data. Table 1 : Fit results at √ s = 900 GeV, using data from the ALICE [4] collaboration. Note the very large errors on the values of T for protons and antiprotons. The last line shows the results of a combined fit to the proton and antiproton distributions which leads to smaller errors.
at very small values of p T as can be clearly seen in Figure 3 .
The values of χ 2 listed in the Table 1 were determined as follows. Using the values of the transverse momentum distribution for a given value of p T
for the data at 900 GeV and by
for all other beam energies. Both are calculated using the Tsallis distribution with the optimised values of q, T and dN/dy. We then compare this theoretical result with the experimental values to determine a value of χ 2
where E i is the experimental value of the momentum distribution at the same value of p T and σ i is the experimental error on the distribution. A similar procedure was used in all the subsequent tables. We add the index y to emphasize that these values refer to the error bars on the ordinate (y) axis.
Fits to transverse momentum spectra at the beam energy of 2.76 TeV
The transverse momentum spectra at √ s = 2.76 TeV have been measured in a range extending up to about 20 GeV/c. The fit is shown in Figure 2 and the resulting values of the parameters are listed in Table 2 . It can be seen that the values of q and T are much more constrained than in the previous case of √ s = 900 GeV. If the possibility of common values could not be entirely excluded in the previous case, there is no doubt here that the values are different.
The resulting values for the beam energy of √ s = 2.76 TeV are shown in Table 2 . Table 2 : Fit results at √ s = 2.76 TeV, using data from the ALICE collaboration [44] .
Fits to transverse momentum spectra for the interpolated data at 5.02 TeV
For the transverse momentum spectra at √ s = 5.02 TeV we have used the results presented by the ALICE collaboration [36] (in a range extending up to about 20 GeV/c) by interpolating their own data at 2.76 TeV and 7 TeV. The fit is shown in Figure 2 . The resulting values of the parameters are given in Table 3 . Again the values of q and T are much more constrained than for √ s = 900 GeV. As in the previous case, no common values of the parameters T and q can be found. Table 3 : Fit results at √ s = 5.02 TeV, using data from the ALICE collaboration [36] .
We would like to emphasize that all these results will have to be confirmed by the final analysis of the 5.02 TeV data.
Fits to transverse momentum spectra at the beam energy of 7 TeV
The transverse momentum spectra at √ s = 7 TeV in p − p collisions have also been measured [45] in a range extending up to about 20 GeV/c. The fit is shown in Figure 2 and the resulting values of the parameters are given in Table 4 . Table 4 : Fit results at √ s = 7 TeV, using data from the ALICE collaboration [36, 45] .
Analysis of the results
In Figure 5 we show contours in the T − q plane. The ellipses correspond to fixed values of deviations from the minimum χ 2 values, 1-σ uncertainties on the fit parameters are shown in red, 2-σ uncertainties are shown in blue, while those with 3-σ uncertainties are shown in black.
At √ s = 0.9 TeV (upper left-hand pane in Figure 5 ) it can be seen that while the pions and kaons do overlap in a small region, this is not the case for the protons, albeit there is a wide range of possible values for the latter so that an eventual complete overlap for all three particles π + , K + , p cannot really be excluded. A wider range in p T or a more precise measurement of the very low p T region is necessary to really exclude this eventuality.
At 2.76 TeV (upper right-hand pane in Figure 5 ), it can be seen that the values of q and T are much more constrained than in the previous case of 0.9 TeV. If the possibility of common values could not be discarded in the case of 0.9 TeV, there is no doubt here that the values are different. The same goes for the 7 TeV results (lower right-hand pane in Figure 5 ), and no common values of the parameters T and q can be found, nor any strict m T scaling because the parameters are different for each species.
We notice that the 7 TeV case has been discussed previously [11, 13, 19] , within the framework of the Tsallis distribution. The authors from [11, 13] use a different form of the Tsallis distribution, not having a factor m T on the right-hand side of Eq. (3) and hence they obtain higher values for the parameter T (recalling that this is no longer a temperature in the thermodynamic sense).
Within the framework considered here, the values for q and T obtained from the ALICE collaboration data are close to those of the CMS collaboration [46] , as shown in the contour plot presented in Figure. 5. The CMS contours are indeed being situated as roughly equidistant from each of the ALICE ones for pions, kaons and protons. This comes as a surprise since at those large values of the transverse momentum p T , hard scattering processes are presumed to be dominant.
In Figure 6 we show the transverse mass distributions for pions, kaons and protons at different beam energies. It is clearly seen that there is no m T scaling because of the differences for each particle type.
In Figure 7 we summarize some of the results separately for protons (upper pane), kaons (middle pane) and pions (lower pane). We notice here that our results clearly show that the fitted temperature T is often comparable for kaons and for protons, which does not have a natural explanation in the radial flow scenario. In addition, the fitted q parameter is also often comparable for pions and kaons. As a consequence, different groups of nearly m T scaling appear (see Figure 6 ), groups whose characteristic allowing for differentiating them could well be the mass range of the given particles.
We also notice that the resulting values for dN/dy at mid-rapidity are fully compatible (if not identical) to the values quoted by the ALICE collaboration using a slightly different parameterization for the transverse momentum distribution.
Finally there is also a clear beam energy dependence in the values of the parameters. The results obtained at 0.9 TeV are out of line, presumably because of the limited range in p T at this beam energy. Discarding for the moment the results at 0.9 TeV, one can see a clear shift for the pions towards higher values for q but unchanged values of T . For protons the opposite result is seen, namely a shift towards higher temperatures but the values for q are almost independent on the beam energy. For kaons the pattern is different again, namely an almost constant value for the temperature T but a clear increase in the value of q. ; the upper right pane is for 2.76 TeV [44] . The lower left pane is for 5.02 TeV [36] while the lower right pane is for 7 TeV [45] . 
Large Transverse Momenta
In order to get a feeling for the limit of applicability of the Tsallis distribution given in Eq. 3 we applied the results obtained above to the highest transverse momenta measured by the CMS collaboration [37] for charged particles up to 200 GeV/c in p − p collisions at a beam energy of 7 TeV. To achieve this we simply added π + + π − , K + + K − , p +p using the parameters listed in Table 4 . This has been done using the following expression: (12) where i = π + , K + , p. The relative weights between particles were determined by the corresponding degeneracy factors and given by g π + = g K + = 1 and g p = 2. The factor 2 on the right hand side shows the contribution from the antiparticles, π − , K − andp. There are of course more charged particles than just π + , K + and protons (and their respective antiparticles) used here but it should be close to a good approximation of the total number of charged particles. The result is shown in Figure 8 and the description of the data is quite appropriate. The lower pane of the figure shows the ratio of experimental data over fit values. There are indications that the description using the Tsallis distribution deviates from measurements for higher values of p T but this is also the region where the uncertainty is largest. It is to be concluded that the Tsallis distribution provides a reasonably good description up to the highest measured values of p T . The oscillations seen in previous fits [47, 48, 49] are due to a simplified use of the Tsallis distribution which does not distinguish between pions, kaons and protons.
Conclusions
In this paper we have thoroughly investigated one particular form of power tail distribution which is based on non-extensive statistical thermodynamics and has the property of having consistent thermodynamic relations for the particle number, the energy, the pressure and the entropy.
We have determined the parameters appearing in the Tsallis distribution as precisely as possible at beam energies of √ s = 0.9, 2.76 and 7 TeV. The conclusion we reach is that for the π's, K's and protons the parameters are different and no universality in the parameters exist. At the beam energy of √ s = 0.9 TeV, the interval in transverse momentum is fairly narrow and the uncertainty on the parameters is large so that the original analysis [29, 30] made such a scenario possible.
The suggestion, made a few years ago, that the parameters appearing in this distribution are the same for a wide range of identified hadrons [29, 30] at √ s = 900 GeV in p-p collisions is therefore not supported by the analysis presented here.
Thus, even though the Tsallis distribution provides a reasonable description of the transverse momenta distributions, it has to be concluded that the parameters are clearly different. As a consequence, one basic property of the Tsallis distribution, namely scaling in the transverse mass m T is not obeyed because the relevant parameters change for different hadrons.
At last, our conclusions are as follows: Table 4 . The lower pane of the figure shows the ratio of data over the fit values.
• The Tsallis formula provides reasonably good fits to the p T distributions in p − p collisions at the LHC using three parameters dN/dy, T and q.
• The parameters T and q depend on the particle species and are different for pions, kaons and protons. No universal behavior has been found.
• As a consequence of this, there is no m T scaling.
